The Bargmann-Wigner formalism is adapted to spherical surfaces embedded in three to eleven dimensions. This is demonstrated to generate wave equations in spherical space for a variety of antisymmetric tensor fields. Some of these equations are gauge invariant for particular values of parameters characterizing them. For spheres embedded in three, four and five dimensions, this gauge invariance can be generalized so as to become non-Abelian.
Introduction
The Bargmann-Wigner (BW) equations [1, 2] are a means of generating wave equations for higher spin fields. For spin s, a totaly symmetric 2s component spinor ψ α 1 α 2 ...α 2s is taken to satisfy the 2s equations (iγ · ∂ + m) α,β ψ βα 2 ···α 2s = 0 . . . (iγ · ∂ + m) α 2s β ψ α 1 α 2 ···β = 0.
(
(We work in Euclidean space with γ-matrix conventions given in the appendix.)
Before adapting this procedure to spherical space, we will demonstrate how eq. (1) can be used in the case s = 1 to generate the Maxwell equations. By eqs. (A.15) and (A.16), we see that
Eqs. (A7-A10) show that together eqs. (1) and (2) 
We have set * F ab = 1 2 ǫ abcd F cd so that * ( * F ab ) = F ab and * Σ ab = −Σ ab γ 5 . By eq. (3) we recover the standard Proca equations
∂ a * F ab = 0.
For the particular value m 2 = 0, eqs. (4) and (5) become the free field Maxwell equations; they possess the gauge invariance
Eq. (6) is not gauge invariant; it corresponds to a gauge fixing condition.
The form of Dirac equation on a spherical surface is [3] [4] (Σ ab L ab + ξ) αβ ψ β = 0.
This suggests that we consider the following generalization of eq. (1) for a wave function ψ α 1 ...α 2s that is symmetric in all its subscripts, (Σ ab L ab + ξ) α,β ψ βα 2 ...α 2s = 0 (10) . . .
(Σ ab L ab + ξ) α 2s β ψ α 1 α 2 ...β = 0.
We show below that for the case s = 1, ensuring symmetry in (α, β) for the bispinor wave function ψ αβ results in a set of wave equations for wave functions that are antisymmetric in spatial indices. Subsequently this is shown explicitly in n dimensional spherical spaces S n for n = 2, 3, 4, 5, 6, 7, 8, 10 . In a number of these spaces, the equations possess an Abelian gauge invariance for particular values of the parameter ξ in eq. (10) . This gauge invariance can be generalized so as to become non-Abelian when the wave function is antisymmetric in two spatial indices. Actions that possess this non-Abelian gauge invariance can be formulated.
Finally a model on S 2 is quantized and it is shown that at one loop order in this model the two point function vanishes. Quantization of an S 3 model is briefly discussed.
Wave functions that are antisymmetric in their spatial indices naturally arise in string theories [5] . This is what motivated us to consider their properties on spherical surfaces S n .
Using isometry generators on S n defined in terms of n coordinates of the (n + 1) dimensional embedding space makes it possible to formulate gauge invariant versions of these models.
Other discussions of gauge fields on spaces of constant curvature have appeared in the literature [6] .
3 Bargmann-Wigner Equations on S n
S 2
The equation for a BW wave function ψ αβ on S 2 can be reduced from the form of eq. (10) to simply
upon setting
(The Dirac equation τ · L + ξ αβ ψ β arose on S 2 in ref [7] .)
which is of the form of eq. (10).
By eq. (A.12), we see that
together eqs. (11) and (14) lead to
eq. (15) is invariant under the transformation
If φ ij = ǫ ijk φ k , then eqs. (15), (16) and (18) become
and
respectively.
An action which gives rise to the equation of motion of eq. (15) (with eq. (17) holding)
A non-Abelian generalization of eq. (22) is
This is invariant under the infinitesmal SO(3) transformation
It is also possible to define a "field strength"
under the gauge transformation of eq. (24), we find that
Consequently, the action
possesses non-Abelian gauge invariance.
S 3
The form of a symmetric wave function ψ αβ in a four dimensional embedding space is, by eqs. (A.15) and (A.16)
The BW eq. (10) now leads to
The fields φ ij and V i decouple on S 3 , unlike the fields A a and F ab in eqs. (4-7). Eqs. (29) and (30) are invariant under the gauge transformation
An action consistent with the gauge invariance of eq. (24) is
The equation of motion associated with the field λ is eq. (30); however the equation of motion associated with φ ij now becomes
in place of eq. (19). Only if λ = 0 and ξ = 2 do eqs. (29) and (37) coincide.
The gauge invariance of eq. (34) can be generalized to an infinitesimal SO(3) non-abelian gauge invariance
is invariant under the transformation of eq. (38) provided
As in eq. (27), the "Lagrange multiplies"' field λ a enters into the equation of motion for the field φ a ij . In D dimensions (ie, on the sphere S D−1 ) the "field strength"
is covariant under the gauge transformation of eq. (38),
possesses the gauge invariance of eq. (38). The last term in eq. (39) could also be incorporated into eq. (44).
On S 3 , if the equation of motion that follows from this gauge invariant action is satisfied
This is a consequence of the identities * (
provided A ij = −A ji and B ij = −B ji .
S 4
By eq. (A17), the only contribution to the BW wave function on S 4 is
Upon using eqs. (A4) and (A6), eqs. (10) and (49) together lead to
Eqs. (50) and (51) are invariant under the gauge transformation
This gauge symmetry is present in the action
In addition, there is a vector gauge invariance which is identical to that of vector fields in ref.
[4]
Again, the equation of motion for φ ij generates not just eq. (50) but also an extra term dependent on the Lagrange multiplier field X i .
An immediate generalization so that the infinitesimal SU(2) non-Abelian gauge invariance of eq. (38) is present on S 4 is
provided that now
Again, eqs. (41) and (44) can be used with D = 5 to generate an action with non-Abelian gauge invariance on S 4 .
S 5
By eqs. (A.21 -A.24), the form of a BW wave function on S 5 is
Writing the BW equation on S 5 in the form
it follows from eqs. (59) and (60) (using eqs. (A.26) and (A.27) that 
provided again ξ = 4 and ρ i satisfies the equation
(This equation is akin to the gauge fixing condition used in ref. [3] .) It does not appear to be feasable to devise a non-Abelian generalization of eq. (68).
S 6
On S 6 , by eqs. (A.21) and (A.23), the only contributions to the BW wave function are
so that using (A.25) in conjunction with the S 6 analogue of eq. (60)
These equations can be analyzed in much the same way as eqs. (63, 64, 67) for τ ijk on S 5
were treated in the previous subsection.
S 8
We will now consider the BW equation on S 8 (The S 7 case is quite similar.). On S 8 , eq.
(A.30 -A.32) imply that the wave function ψ αβ has the form
Eqs. (A.33, A.34) now can be used to show that the BW equation of the form eq. (60) on
It is apparent that even when eq. (76) is satisfied by taking σ = 0, the fields V i and Ω ijkℓ are coupled, making gauge invariance problematic.
S 10
Finally, we consider a model on S 10 . On account of eq. (A.37), the BW wave function on S 10 has the form 
The fields V i , φ ij and Λ ijkℓm are coupled in eqs. (82-87) in a way that appears to be inconsistent with gauge invariance.
4 Quantization of a model on S 2
We consider now the quantization of the action of eq. (23). We supplement this with the gauge fixing condition
which is in part motivated by eq. (16). Associated with this, a Faddeev-Popov ghost field must also be introduced as the gauge transformation of eq. (37) is non-Abelian,
The identity
permits one to derive a propagator for the field φ a i . Rather than using Feynman diagrams to compute radiative corrections to the model of eq. (33), we use the approach of ref. [8] . This entails splitting φ a into the sum of a background piece (also called φ a ) and a quantum piece; we are led to the one-loop effective action
In order to recast eq. (91) into a form in which calculations are feasable, we add on
we see that in the gauge α = −1 this converts L (1) in (91) to
Using "proper time"' [9] to express L (1) , we have
where H φ and H gh are the arguments of the two determinants in eq. (94) 
This piece is not gauge invariant, so employing operator regularization [8] is not appropriate.
It is immediately evident that if the external field φ a i has vanishing angular momentum (so that L i , φ p j = 0) then eq. (97) gives L (1) φφ = 0 so that the two-point function vanishes. In general though, the functional traces in eq. (97) can be computed using a basis of angular momentum eigenstates [8, 10] . We have, for example
Using the conventions of ref. [11] ,
being a spherical harmonic and
then eq. (100) reduces to
which, using a standard formula [11] , reduces to
Together, eqs. (98), (99) and (104) reduce eq. (97) to
If one orients the axes so that f p,± k,n = 0, then the remaining contribution to eq. (105) proportional to f p,3 k,n clearly vanishes due to a cancellation between the two functional determinants occurring in eq. (93). Thus in the Feynman-like gauge α = 1 there are no radiative corrections at one-loop order to the two-point function for the model of eq. (23).
We can also consider quantization of the S 2 model of eq. (27). If we again use the gauge fixing of eq. (88), then the bilinear term in the effective Lagrangian is
In this case, the propagator for the field φ a i can be deduced from the identity
Radiative corrections can now be computed, provided the Faddeev-Popov contribution of eq. (89) is included.
To illustrate how one could deal with models on S n (n > 2), let us consider the action of eq. (36) on S 3 . We employ a gauge fixing Lagrangian
Although this gauge fixing Lagrangian is not a perfect square, it is consistent with the condition that
It resembles the gauge fixing Lagrangian employed in ref. [3] for a model of a vector gauge field on S 4 .
It is convenient to supplement L in eq. (26) with an extra term 2λ 2 . If we do this, then it follows that
Using the identity
it can be shown that the inverse of the matrix M appearing in eq. (110) is
where Presumably other models on S n (n > 3) can be treated in a similar fashion.
Discussion
We have formulated models involving antisymmetric tensor fields on spherical spaces S n , some of which have a non-Abelian generalization. Many open questions deserve attention.
We have taken the radius R of our spherical space to be 1; the locally flat limit R → ∞ 
Appendix
The usual Pauli matrices τ i satisfy
Dirac matrices in four and five dimensions are given by
Spin matrices in four and five dimensions are given by
The generators
also satisfy the algebra of eq. (A.4).
A useful identity in five dimensions is .6) while in four dimensions,
In three dimensions if
In four and five dimensions we take
The only symmetric matrices in four dimensions are
while in five dimensions the only symmetric matrix is
The Dirac matrices in six and seven dimensions are given by The independent 8 × 8 Dirac matrices in seven dimensions are 1, g a , g a,b and g abc where
then in six and seven dimensions
The symmetric 8 × 8 matrices in seven dimensions are C 7 and g abc ;
This implies that in six dimensions, the symmetric 8 × 8 matrices are C 7 , g abc and g ab g 7 ;
A useful identity in seven dimensions is g mn g pqr = − (δ mp δ nq g r + antisymmetric in (mn)(pqr)) (A.25)
In six dimensions, we have occasion to use g mn g ab g 7 = − (δ ma δ nb − δ mb δ na ) g 7 (A.26) − (δ ma g nb − δ mb g na + δ nb g ma − δ na g mb ) g 7 + i 2 ǫ mnabpq g pq and g mn g pqr = − (δ mp δ nq g r + +antisymmetric in(mn)(pqr))
− (δ mp g nqr + antisymmetric in(mn)(pqr)) +iǫ mnpqa g a g 7 . a complete set of 32 × 32 matrices are 1, G a , G ab , G abc , G abcd and G abcde where G a 1 , . . . a n is defined in analogy with Γ a 1 . . . a n in eq. (A.29).
If now
then it can be shown that (G a 1 . . . a n C n ) T = (−1) n 2 +n+2 2 (G a 1 . . . a n C 11 ) (A.37) so that symmetric matrices occur if n = 1, 2, 5.
Useful eleven dimensional identities are 
